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Abstract—Krylov subspace methods, which include, e.g. CG,
CGS, Bi-CG, QMR or GMRES, are commonly applied as linear
solvers for sparse large-scale linear least squares problems. In the
paper, we discuss the usefulness of such methods to the optimization of WCDMA networks. We compare the selected methods
with respect to their convergence properties and computational
complexity, using a typical uplink model for a WCDMA network.
The comparison shows that GMRES is the most suitable method
for our task.
Index Terms—Krylov subspace methods, WCDMA network
optimization, linear solvers, CG, GMRES

I. I NTRODUCTION
UR considerations are restricted to WCDMA network
optimization at the stage of layout design. In this approach, the variables of the cost function are usually expressed
in terms of transmitted powers that depend on the parameters
to be optimized. The parameters basically concern base stations, i.e. their number, locations, antenna azimuth and tilt as
well as pilot channel powers. The details on this are given in
[1]. Excluding very simplified models, the transmitted powers
usually cannot be presented as analytical functions of the
desired parameters. This implies the use of numerical methods
for the computations of transmitted powers. Computing these
powers is the most computationally intensive task in an overall
optimization problem, so finding a proper (fast) method seems
to be crucial. Assuming the target Signal-to-Interference (SIR)
values for each link between a Base Station (BS) and a Mobile
Station (MS), the transmitted powers can be computed from
the system of linear equations:

O

Ap = b,

(1)

where A =∈ IRK×K is the system matrix of coefficients that
depend on the link gains, othogonality factors (for downlink)
and target SIR values, p ∈ IRK is the vector of unknown
transmitted powers, b ∈ IRK is the noise vector. The aim
is to find a possible best estimation of the vector p at the
least computational cost. It should be noted that the task is
very challenging since the system (1) can be very large (even
after applying the dimension reduction technique [2], [3]) and
such estimations must be repeated many times to provide
many Monte Carlo (MC) samples used in static simulators
for network planning and optimization [4], [5]. The system
(1) has rather good numerical properties (square, consistent,
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well-conditioned), and hence many linear solvers can be used
in our application. Nevertheless, not all the methods have the
same convergence properties and computational complexity,
thus there is a need to study the usefulness of these methods
to our task. The problem has been already tackled for in
our previous works [1], [6], [7], where we compared the
Gaussian elimination and some iterative methods such as
Jacobi, Gauss-Seidel, Successive Over-Relaxation (SOR), and
Conjugate Gradient Square (CGS). Some numerical results
from [6], [7] will be reminded here. Finally, we concluded
in [6] that the Gauss-Seidel and CGS gave the best results.
Since the CGS belongs to a class of Krylov subspace methods,
we decided to continue our tests with respect to the Krylov
subspace methods which we shortly present in Section II. The
comparison results are presented in Section III, and finally
some concluding remarks are given in Section IV.
II. K RYLOV S UBSPACE M ETHODS
Krylov subspace methods are widely applied to solve largescale linear systems arising in many areas of science, especially to solve discretized Partial Differential Equations (PDE)
[8], [9]. Due to their low computational cost, the methods can
be also useful in the optimization of WCDMA networks. A
short survey of the Krylov subspace methods that are used in
our experiments is given below.
• CGLS
The first version of the Conjugate Gradients (CG) method
was proposed by Hestenes and Stiefel [10], and it is
commonly used for solving symmetric linear systems. It
iteratively minimizes the gradient of a quadratic objective
function with gradient updates derived from orthogonal
directions. Since in our application the symmetry condition is not met, the CG method is applied to the normal
equations. In the literature, such method is known as
CGLS and it may be found in many implementations.
We used the Hansen’s implementation [11].
• CGS
The Conjugate Gradient Square (CGS) method was invented by Sonneveld [12] and it involves the CG scheme.
In contrary to the CG, it can be used to non-symmetric
systems. Moreover, it is not sensitive to so-called the
serious breakdown that may occur in the CG.
• BiCG
The Bi-Conjugate Gradient (BiCG) method, proposed
by Fletcher [13], belongs to a group of bi-orthogonal
methods and extends the standard CG method to nonsymmetric, large and sparse systems of linear equations.
Hence, it may be suitable for our application.
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TABLE I
C OMPUTATIONAL COST OF ONE ITERATIVE STEP FOR THE ANALYZED
METHODS . T HE SUBSCRIPTS m, d, a, s DENOTE ELEMENTARY
MULTIPLICATIVE , DIVISION , ADDITION , AND SUBTRACTION OPERATIONS .
T HE SUBSCRIPT f STANDS FOR A FUNCTION EVALUATION ( SQUARE
ROOTING OR POWERING ).
Computational cost of one iteration

CGLS
CGS
BiCG
BiCGSTAB
QMR
GMRES

(5K 2 + 6K)m/d + (5K 2 + 7K)a/s
(2K 2 + 10K)m/d + (2K 2 + 12K)a/s
(4K 2 + 9K)m/d + (5K 2 + 10K)a/s
(6K 2 + 12K)m/d + (6K 2 + 14K)a/s
(3K 2 + 14K)m/d + (3K 2 + 14K)a/s + (2K + 2)f
depends on many factors (sparsity)
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BiCGSTAB
The BiConjugate Gradients Stabilized (BiCGSTAB)
method was developed by Van der Vorst [8], [9]. The
BiCGSTAB differs from the CGS only with the way
of computing a residual vector. It is reported in [8]
that the BiCGSTAB has better convergence properties
due to local minimization of successive updates for
the residual vector. The curve of the l2 norm of the
residual vector is smoother and steeper than for the
CGS. Unfortunately, some perturbations in convergence
or even a serious breakdown of an iterative process may
occasionally happend, especially if the system matrix has
complex eigenvalues.
• QMR
The Quasi-Minimal Residual (QMR) method that was
designed by Freund and Nachtigal [14] uses the similar
assumptions as the BiCG but considerable difference
exists in the residual smoothing technique. Its highest
advantage is a numerical stability, i.e. it avoids the case
of serious breakdown. There are many implementations
of the QMR [9], [14]. In the experiments we used the
implementations given in MATLAB 7.0.
• GMRES
The GMRES method was proposed by Saad and Schultz
[15] for solving linear least squares problems with nonsymmetric matrices without a necessity of creating the
normal equations. In the experiments we used the MATLAB implementation where the Gram-Schmidt orthogonalization is obtained with the Givens rotations.
The roughly estimated computational costs of all the algorithms used in our experiments are given in Table. 1. The
computational cost for the GMRES is not easy to estimate
because it depends on the system matrix used. For a sparse
matrix, the cost is considerably lower than for a dense matrix
because the related number of the involved Givens rotations
is much smaller. In our application, the system matrix may be
very sparse if a large network is analyzed (without using the
dimension reduction technique [2], [3]).
•

III. N UMERICAL R ESULTS
The experiments demonstrating the efficiency of the analyzed methods are performed for a randomly selected MC
snapshot in uplink transmission with both omnidirectional

(b)
Fig. 1. (a) Layout of BSs and MSs; (b) The numbers of users assigned to
each cell.

antennas and Smart Antennas (SA). Typically, we assume
1000 users randomly distributed in 104 cells with a mixture
of uniform and skrew-Gaussian distributions. Hence, we have
A ∈ IR1000×1000 , K = 1000 and M = 104. In our approach,
we assume that the analyzed network is not overloaded. For the
overloaded case, some values of the target SIR vector should
be decreased, which can be done with many techniques, e.g.
with the one described in [3]. The layout of BSs and MSs is
presented in Fig. 1(a). The geometry of the tested area and
the number of the users in each cell are shown in Fig. 1(b).
Half of the users work with a voice service (Rb = 12.2kbps),
and the other half with a data service (Rb = 64kbps).
For this snapshot and traditional antennas (omnidirectional):
maxi {|λi (A)|} = 2.1 × 10−7 and mini {|λi (A)|} = 8.7 ×
10−13 , and for the SA: maxi {|λi (A(SA) )|} = 2.1 × 10−6 and
mini {|λi (A(SA) )|} = 9.2 × 10−12 . Hence, the convergence
of the Krylov subspace method is definitely guaranteed [8],
[9], [12]–[15]. All the iterative algorithms are run until the
stopping criterion ek = ||pk − pk−1 ||∞ ≥ ǫ is met, where
for arbitrary u: ||u||∞ = maxi {ui }, and ǫ is a small positive
number. We assume that the solution should be computed with
the accuracy up to the fifth significant digit, thus ǫ = 16−6 .
The plots of ek versus iterations are illustrated in Fig. 2(a)
and Fig. 2(b) for the cases of traditional antennas and SAs,
respectively.
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(a)

for the preconditioned Richardson, Jacobi’s, Gauss-Seidel, and
SOR methods. A similar analysis for the case of SAs gives
the following rough estimations of the costs: 32K 2 + 46K,
8K 2 + 12K, 9K 2 , 16K 2 + 6K, 14K 2 + 67K, 50K 2 + 65K,
45K 2 + 95K, 36K 2 + 78K, and 30K 2 + (140 + 10)K for
the corresponding methods: Richardson, Jacobi, Gauss-Seidel,
SOR, CGS, CGLS, BiCG, BiCGSTAB, and QMR. Because
the estimation of the cost for GMRES is not so easy, we
compare this method only with respect to the elapsed time
of performing 10 iterations in the same computational and
hardware environment (MATLAB 7.0).
The elapsed time [in seconds] measured in MATLAB is
given in Table II where we compare the methods applied to the
problems of different scales. The first two columns refer to the
small-scale problem that occured after applying the dimension
reduction technique ( [2], [3]) to the snapshot described above
(M = 104, K = 1000). Thus, our system matrix is reduced
to the size 104 by 104. Since in real applications much bigger
problems must be resolved, we analyze a bigger case – the
snapshot with 300 cells and 3000 users – without using the
dimension reduction technique but with the above-mentioned
preconditioning. The elapsed times are given in the last two
columns. Note that the measured time is exemplary and in each
snapshot it may be slightly different due to the difference in
properties of the system matrix.
IV. C ONCLUSIONS

(b)
Fig. 2. History of error ek versus iterations for: (a) traditional antennas, (b)
SA.

The dashed horizontal lines in Fig. 2 mark the error level
of 10−6 at which the iterative process is stopped. It follows
from Fig. 2(a) that this level or lower is reached by the CGS,
CGLS, BiCG, BiCGSTAB, QMR and GMRES after running
7, 10, 9, 6, 9 and 9 iterations, respectively. For SAs (see
Fig. 2(b)), this level is reached within 3, 5, 5, 3, 5 and
5 iterations for respective methods. In [6] the Richardson,
Jacobi, Gauss-Seidel, SOR methods stopped at the same error
level after performing 36, 50, 29, 14 iterations for traditional
antennas, and 15, 4, 3, 5 iterations for SAs, respectively. All
the discussed methods have been applied to the preconditioned
version of the system (1), where the right-hand preconditioning
was applied as in [1], [6], [7].
To simplify the comparison analysis, let us drop the notation
of the kind of arithmetic operations. First, let us consider
traditional antennas. Thus, it follows from Table I that the
computational cost of performing 7 iterations with the CGS is
about 28K 2 + 154K arithmetic operations. For the CGLS,
BiCG, BiCGSTAB and QMR we have: 100K 2 + 130K,
91K 2 +171K, 72K 2 +156K and 54K 2 +252K+18K, respectively, where additional 18K in QMR means the cost related
to the function evaluation, which may be quite expensive but
dependent on the software and hardware used. To remind, we
got 72K 2 + 108K, 100K 2 + 150K, 87K 2 , and 44K 2 + 16K

Comparing the estimations of the computational costs, we
can conclude that the Gauss-Seidel method is the most promising, especially for the SA case. For the traditional antennas,
the CGS is the fastest, and then the SOR.
However, with reference to Table II, we can conclude that
for large-scale problems the GMRES is the fastest algorithm.
Thus, for the analysis of a large network (with many BSs), the
GMRES should be used in a static simulator. For small-scale
problems, especially for a small number of BSs, the GaussSeidel and CGS are optimal.
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