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Retry Loss Models Supporting Elastic Traffic

Ioannis D. Moscholios, Vassilios G. Vasilakis, John S. Vardakas and Michael D. Logothetis

Abstract—We consider a single-link loss system of fixed capac-
ity, which accommodates K service-classes of Poisson traffic with
elastic bandwidth-per-call requirements. When a new call cannot
be accepted in the system with its peak-bandwidth requirement,
it can retry one or more times (single and multi-retry loss
model, respectively) to be connected in the system with reduced
bandwidth requirement and increased service time, exponentially
distributed. Furthermore, if its last bandwidth requirement is still
higher than the available link bandwidth, it can be accepted in
the system by compressing not only the bandwidth of all in-
service calls (of all service-classes) but also its last bandwidth
requirement. The proposed model does not have a product form
solution and therefore we propose an approximate recursive
formula for the calculation of the link occupancy distribution
and consequently call blocking probabilities. The accuracy of
the proposed formula is verified by simulation and is found to
be quite satisfactory.

Index Terms—Markov chain, call blocking, recursive formula,
retry, elastic services

I. INTRODUCTION

ULTI-RATE loss models are extensively used in the

literature for the call-level QoS assessment of modern
telecom networks. This assessment is critical not only for
the bandwidth allocation among calls of different service-
classes but also for the avoidance of over-dimensioning of
a network. Despite of its importance, the call-level QoS
assessment remains an open issue, due to the existence of
elastic traffic in modern telecom networks. By the term “elastic
traffic” we mean calls whose assigned bandwidth can be
compressed or expanded during their lifetime in the system.
Modeling elastic traffic at call-level can be based on the
classical Erlang Multirate Loss Model (EMLM) ([1], [2]])
which has been widely used in wired (e.g. [3], [4], [5]. [6]),
wireless (e.g. [7], [8], [9], [10]) and optical networks (e.g. [11],
[12], [13], [14], [15]) to model systems that accommodate calls
of different service-classes with different traffic and bandwidth
requirements.

In the EMLM, calls of different service-classes arrive at a
link of capacity C, following a Poisson process, and compete
for the available link bandwidth under the complete sharing
policy (all calls compete for all bandwidth resources). If upon
arrival a call’s bandwidth requirement is not available, the call
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is blocked and lost. Otherwise, it remains in the system for
a generally distributed service time [1]. The analysis of the
EMLM shows that the steady state distribution of in-service
calls has a product form solution (PFS) [16]. Exploiting
this fact, an accurate recursive formula (known as Kaufman-
Roberts formula, KR formula) has been separately proposed
by Kaufman [1] and Roberts [2] which determines the link
occupancy distribution and simplifies the determination of
call blocking probabilities (CBP). In [17], [18], the EMLM
is extended to the retry models, in which blocked calls can
immediately reattempt (one or more times — single-retry loss
model (SRM) and multi-retry loss model (MRM), respec-
tively) to be connected by requiring less bandwidth units (b.u.),
while increasing their service time which is exponentially
distributed, so that the product (service time) by (bandwidth
per call) remains constant. A retry call is blocked and lost from
the system when its last bandwidth requirement is higher than
the available link bandwidth.

In this paper, we extend the models of [17], [18], by
incorporating elastic traffic. We name the proposed single-retry
loss model, Extended SRM (E-SRM) and the multi-retry loss
model, Extended MRM (E-MRM). In the proposed models,
when a retry call attempts to be connected in the system and
its last bandwidth requirement is higher than the available link
bandwidth, the system accepts this call (contrary to [17], [18],
where this call is lost) by compressing not only the bandwidth
of all in-service calls (of all service-classes) but also the last
bandwidth requirement of the retry call. The corresponding
service times are increased so that the product (service time)
by (bandwidth per call) remains constant. On the other hand
when an in-service call, whose bandwidth is compressed,
departs from the system then the remaining in-service calls
(of all service-classes) expand their bandwidth. A retry call
is blocked and lost from the system when the compressed
bandwidth should be less than a minimum proportion (7,4, )
of its required last-bandwidth. Note that 7,,;, is common
for all service-classes. The compression/expansion mechanism
together with the existence of retrials destroys reversibility in
the proposed models and therefore no PFS exists. However,
we propose approximate recursive formula for the calculation
of the link occupancy distribution that simplifies the CBP
determination. Simulation results validate the accuracy of the
proposed formulas. In the case of no retrials for calls of all
service-classes, the proposed models coincide with the model
of [19] which has incorporated elastic traffic in the EMLM.
We name this model, Extended EMLM (E-EMLM).

The remainder of this paper is as follows: In Section II
we review the SRM, MRM and E-EMLM. In Section III,
we present the proposed E-SRM and E-MRM and provide
formulas for the approximate calculation of the link occupancy
distribution and CBP. In Section IV, we present numerical and
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simulation results in order to validate the models’ accuracy.
We conclude in Section V.

II. REVIEW OF THE RETRY LOSS MODELS AND THE
E-EMLM

A. Review of the single and multi-retry loss models

Consider a link of capacity C' b.u. that accommodates calls
of K service-classes. Let j be the occupied link bandwidth,
j=0,1,...,C. Calls of each service-class k (k =1,...,K)
arrive in the link according to a Poisson process with rate A
and request by b.u. If by b.u. are available, a call of service-
class k remains in the system for an exponentially distributed
service-time with mean /1,];1. Otherwise, the call is blocked and
retries immediately to be connected in the system with “retry
parameters” (bkra,u];rl) where by, < by and ,u,;l > u,;l. The
SRM does not have a PFS and therefore the calculation of the
link occupancy distribution, G(j), is based on an approximate
recursive formula, [17], [18]:

1 for 5=0
K
7 Z kb G (j—br)+

G(j)=¢ "L for j=1,...,C ,
+% Z akrbkrrYkr(j)G(j_bkr)
k=1
0 otherwise
(D
where o = )\kugl, = )‘k/‘kr’ Yir(j) = 1 when j >

C— (b, — bgr), 0therw1se Yer(j) = 0.

Equation (1) is based on two assumptions: 1) the application
of Local Balance (LB), which exists only in PFS models and
2) the application of Migration Approximation (MA) which
assumes that the occupied link bandwidth from retry calls is
negligible when the link occupancy is below or equal to the
retry boundary, i.e. when j < C' — (b — by,). The existence
of the MA in eq. (1) is expressed by the variable .. (§).

The final CBP of a service-class k, denoted as By, is the
probability of a call to be blocked with its retry bandwidth
requirement and is given by:

c
B, =) GT'G(),
Jj=C—bp,+1

2)

where G =
b > 0.

In the MRM, a blocked call of service-class kcan have
multiple retrials with “retry parameters” (b, , ukrl) for l =
1,...,s(k), where broy < v+ < bgr, < by and ukr o

> u,:rll > u,:l. The MRM does not have a PFS and
therefore the calculation of the link occupancy distribution,
G(j), is based on an approximate recursive formula [18]:

ch:o G(j) is the normalization constant and

1 for j =0
LS
; Z akka(j—bk)'f'
G(j)= k:é s(k) forj=1,...,C
+ %kz_:l l—lakn bk?"z Vier, (])G(]_bkn )
0 otherwise
(3)

b

where: ag,, = )\k,um, Yir, (§) =1,ifC > 5 >C—
bir, ), otherwise g, (j) = 0.

The final CBP of a service-class k, denoted as By, , is the
probability of a call to be blocked with its last retry bandwidth
requirement and is given by:

C
s(k) Z G_lG(j)a

j=C—bpy . +1

(bkrz—l -

Bir “

s(k)

where G = E]C:O G(j) and by, >0 forl=1,...,s(k).

B. Review of the E-EMLM

Consider again a link of capacity C' b.u. that accommodates
Poisson arriving calls of K service-classes. A call of service-
class k (k= 1,..., K) arrives in the system with rate A and
requests by b.u. (peak-bandwidth requirement). If j + b, < C,
the call is accepted in the system with its peak-bandwidth
requirement and remains in the system for an exponentially
distributed service time with mean ugl. KT >j4+b >C
the call is accepted in the system by compressing not only its
bandwidth requirement but also the bandwidth of all in-service
calls. The compressed bandwidth of the new service-class k
call is:

h=rbr = ngk ©)
where r = r(n) = C/j', j/ = j+ by = nb+ by and T
is the limit (in b.u.) up to which bandwidth compression is
permitted.

Similarly, the bandwidth of all in-service calls will be
compressed and become equal to b; = Cp; fori=1,..., K.
After the compression of both the new call and the in-service
calls the state of the system is j = C'. The minimum bandwidth
that a call of service-class k (either new or in-service) can
tolerate is given by the expression:

/ = rminbk, = gbka

k,min (6)
where r,,,;, = C/T is the minimum proportion of the required
peak-bandwidth and is common for all service-classes.

This means that if upon arrival of a service-class k call, with
peak-bandwidth requirement by b.u., we have j = j+ b, > T
(or equivalently, 5/ > T or C/j’ < rmi,) then the call is
blocked and lost without further affecting the system.

After the bandwidth compression, calls increase their ser-
vice time so that the product (service time) by (bandwidth per
call) remains constant. Thus, due to bandwidth compression
calls of service-class &k may remain in the system more than
/,lel time units. Increasing the value of T', decreases 7, and
increases the delay of calls of service-class k (compared to
the initial service time u,;l). Therefore the value of T' can be
chosen so that this delay remains within acceptable levels.

The compression/expansion of bandwidth destroys re-
versibility in the E-EMLM and therefore no PFS exists.
However, in [19] an approximate recursive formula is proposed
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which determines G(j)’s:

1 for j =0
K
G(]): mZakka(j—bk) forj=1,---,T |,
) g=1
0 otherwise

(7
where o = )\ku,;l.

Equation (7) is based on a reversible Markov chain which
approximates the bandwidth compression/expansion mecha-
nism of the E-EMLM, described above. The LB equations
of this Markov chain are of the form [19]:

AP (ny ) = ngpegr(n)P(n), @®)

where P(n) is the probability distribution of state n =
ni,N2, ..., Nk, ..., ), P(ny ) is the probability distribution
of state n, = (ni,n2,...,Mk—1,7k — L, Nky1,...,nK) and
¢r(n) is a state dependent factor which describes: i) the
compression factor of bandwidth and ii) the increase factor
of service time of service-class k calls in state m, so that
(service time) by (bandwidth per call) remains constant. In
other words, ¢y (n) has the same role with r(n) in eq. (5) or
Tmin 10 €q. (6) but it may be different for each service-class.
It is apparent now why the model of eq. (7) approximates the
E-EMLM. The values of ¢x(n) are given by:

1 ,formb<C,necQ

op(n) =9 L) for C<mb<T.neQ , (9
0 , otherwise

where Q = {n: 0 <nb<T and nb = 25:1 ngbg.
In eq. (9), z(n) is a state multiplier, associated with state
n, whose values, are chosen so that eq. (8) holds, [19]:

1 ,fornb< C,ne
,forC<nb<T,ncK

M=

z(n) =< &3 npbrz(ng)
=1

0 , otherwise

(10)
Having determined the values of G(j)’s we can calculate CBP
according to the following formula:

T
B, =) G'G(j),

J=T—br+1

(11)

where G = E?ZO G(j) is the normalization constant.

III. RETRY LOSS MODELS SUPPORTING ELASTIC TRAFFIC
A. The extended single-retry loss model

The proposed E-SRM is a non-PFS model that combines
the characteristics of the SRM and the E-EMLM. In order
to provide an approximate but recursive formula for the
calculation of the link occupancy distribution we present the
following simple example.

Consider a link of capacity C' b.u. that accommodates
Poisson arriving calls of two service-classes with traf-
fic parameters: (\j,p; *,b1) f or the 1% service-class and
(A2, iy b, gyt ba, bay) for the 2" service-class. Calls of the
2nd service-class have “retry parameters” with by, < by and

fi5; > py'. Let T be the limit up to which bandwidth

compression is permitted for calls of both service-classes
Although the E-SRM is a non-PFS model we will use the
LB eq. (), initially for calls of the 1% service-class:

)\1P(’n1_) = nlulgbl (TL)P(’I’L), (12)
for 1 < mb < T, where n = (n1,n2,n2.), n] = (N1 —
1,n2,n9,) with nq > 1 and

1 ,fornb<C,necQ
g1(n) = ¢ L) for C<mb<T.neQ (13)
0 , otherwise

with nb = j= Zi:l(nkbk+nkrbk7’) = n1by +noby+ns,-bay.
Based on eq. (13) and multiplying both sides of eq. (12)
with by we have:

alblx(n)P(nf) = nlblx(nf)P(n), (14)
where a; = Ay " and the values of x(n) are given by:
1 ,formnb<C,ne
K
1 _
zn)=4¢ ,;::1 by )+ ,for C<nb<T,ne
+nk‘7’bk‘,7‘x(n]:r)
0 , otherwise
(15)

To derive the corresponding LB equations of 2" service-
class calls consider that a call of the 2" service-class arrives
in the system when the occupied link bandwidth is j b.u. with
j=0,1,...,T. If 5 < C — bs, the call will be accepted
in the system with bs bu. If j > C — by, the call will be
blocked with its by requirement and will immediately try to
be connected in the system with by, < bo. We consider three
cases: 1) If j + b, < C the retry call will be accepted in
the system with bg,.. 2) If j + be, > T the retry call will be
blocked and lost. 3) If C' < j + ba, < T the retry call will be
accepted in the system by compressing not only its bandwidth
requirement by, but also the bandwidth of all in-service calls.
The compressed bandwidth of the retry call is b, = rb}, =
jQ,b’Qr where r = C/j, j/ = j + bar = nb + by,. Similarly,
the bandwidth of all in-service calls will be compressed (by
the same factor) and become b} = Cp,; fori = 1, 2. After the
compression of both the new call and the in-service calls the
state of the system is j = C. The minimum bandwidth that
a call of the 2" service-class (either new or in-service) can
tolerate is: by, ..

Based on the previous discussion we consider the following
LB equations for calls of the 2" service-class:

_ _C
- Tminb2r - Tb2r~

3) X2 P(ny) = napiaga(n)P(n), (16)

for 1 < mb < C, where n = (ny,na,n2,), ny = (N1,n2 —
1,n9,) with ny > 1 and

1 ,fornb<C,neN
g2(m) =1 L2l for C<nb<T.neQ (17)
0 , otherwise
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Based on eq. (17) and multiplying both sides of eq. (16)
with b, we have:

agng(n)P(n;) = ngng(ng)P(n)7 (18)

for 1 < nb < C, where ap = )\gugl and the values of z(n)
are given by eq. (15).

b) Ao P(ny,) = noppizy¢or(n) P(n), (19)
for C' — by + by, < nb < T, whereP(n,,.) is the probability
distribution of state n;,. = (n1,n2,n2, — 1) and

1 ,fornb< C,nec
z(ny,) ,forC<nb<T,nec

z(n) )
0 , otherwise

¢2r(n) = (20)

Based on eq. (20) and multiplying both sides of eq. (19)

with by, we have:
agrbgrx(n)P(ngr) = ngrbgrx(ngr)P(n), (21)

for C' — by + b, < mb < T, where o, = )\QT/.L;TI and the
values of z(n) are given by eq. (15).
Equations (14), (18) and (21) lead to the following system
of equations:
alblx(n)P(nf) + CLQbQZ‘(’I’L)P(’ILQ_) =
(n1biz(ny) + n2bax(ny ) P(n),

for 1< nb < C — by + bay,

(22)

arbiz(n)P(ny ) +azbox(n)P(ny )+azrberx(n)P(n,,. )=
(nlblx(nl_)+n2b2x(n2_)+ngrbgrx(n2_r))P(n), (23)
for C' — by + by, <mb < C,

alblx(n)P(nf) + ag,«bg,«x(n)P(nQ_T) =
(nibiz(ny) + norbora(n,,))P(n

orC<nb<T.

Equations (22)-(24) can be combined into one equation by
assuming that calls with bs, are negligible when 1 < nb <
C — by + by, (MA) and calls with by are negligible when
C<nb<T:

(24)

arbiz(n)P(ny ) + agbayz2(nb)x(n)P(ny )+
+a2rb2r72r(nb)x(n)P(n2_r) =
(nlblx(nf) + TZQbQJT(’H,Q_) + HQTbQTZ‘(nQ_T.))P(n), (25)
where v2(nb) = 1 for 1 < nb < C, otherwise y2(nb) = 0
and vy, (nb) = 1 for C — by + ba, < nb < T, otherwise
Yor (nb) =0.

Note that the approximations introduced in eq. (25) are
similar to those introduced in the single- threshold model of
[18].

Since z(n) = 1, when 0 < mb < C, it is proved in [18]
that:

alblG(j — bl) + angG(j — b2)+
Fazrbory2r ()G — bar) = JG (), (26)

for 1 < j < C and v2,(j) = 1 for C—by+ by, < j, otherwise
'72r(j) =0.

To prove eq. (26), the MA is needed, which assumes that the
population of retry calls of the 2" service-class is negligible
in states j < C — by + by,

When C' < nb < T and based on eq. (15), eq. (25) can be
written as:

alblP(nf) + agerTﬁ/Qr (nb)P(ngr) = CP(’I'L) 27

To introduce the link occupancy distribution G(j) in eq.
(27) we sum both sides of eq. (27) over the set of states ; =
{neQnb=j}:

arby Y P(ny) + agrbo,yar(nb) Y P(ng,) =
{n|nb=3} {n|nb=3}
C> P(n).
{n|nb=3}
Since by definition }_, .o P(n) = G(j), eq. (28) is written
as:

a1b1G(j — b1) + azpb2ryer (§)G(j — b2r) = CG(j),

where vo,.(j) =1 for C < j <T.

The combination of eq. (26) and eq. (29) gives the following
approximate recursive formula for the calculation of G(j)’s in
the case of two service-classes when only calls of the 274
service-class have “retry parameters”:

G(J) = mmiey [@h1G(J —b1) + azbara ()G (j — ba)+
+a2rb2r72r (])G(] - b2r>] (30)

for 1 < j < T, where 12(j) = 1 for 1 < j < C, otherwise
Y2(7) = 0 and 2, (j) = 1 for C' —ba+ba, < j < T, otherwise
Y2r(j) = 0.

In the case of K service-classes and assuming that all
service-classes may have “retry parameters”, eq. (30) takes
the general form:

(28)

(29)

1 , for j=0
1 N
(.07 2= kbe Yk (1) G (k) +
G(j)= X k= , for j=1,...,T,
+ min(j,C) kglakrbkr’}/kr (])G(j_bkr)
0 , otherwise
(31)

where vy, (j) = 1 for 1 < j < C, otherwise ;(j) = 0 and
Yir(§) = 1 for C' — by, + by, < j < T, otherwise v, (j) = 0.

The final CBP of a service-class k, By, is the probability
of a call to be blocked with its retry bandwidth requirement:

T
Bkr - ZGilG(])v

J=T—=brr+1

(32)

where G = Z?:o G(j) is the normalization constant and
brr > 0.

B. The extended multi-retry loss model

Similar to the MRM, in the E-MRM a blocked call of
service-class k£ can have more than one “retry parameters”
(bkrl,,uk;}l) for l,lz 1,...,s(k),7v1vhere b,k{'*““) < ..o <
biry < bp and pu, > .o >y, > . The E-MRM
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Fig. 1. CBP for the 1% service-class.

does not have a PFS and therefore the calculation of the
occupancy distribution, G(j), is based on an approximate
recursive formula whose proof is similar to that of eq. (31):

1 Jfor j=0
1 K . .
min(;,0) (kzl arbry, (7)G (5—bk)+

K s(k) .
+kzl lZ akubkrl 'Y,”l (])G(]—bk” ))

G(j)= , for j=1,...,T,

0 , otherwise
(33)
where: ag,, = )‘k“kn Y(j) = 1 for 1 < j < C, otherwise

(7)) = 0 and v, (j) = 1, if § > C — (bkri—1 — brrt),
otherwise i, (j) = 0.
The final CBP of a service-class k, denoted as By, is the

s(k)?

probability of a call to be blocked with its last retry bandwidth
requirement and is given by:

T
Bk’l"g(k) = Z G_lG(j)7

J=T—bgr +1

(34)
s(k)

where G = Z]T:o G(j) and by >0 for I =1,...,s(k).

IV. EVALUATION

In this section, we present an application example and
compare the analytical CBP probabilities with those obtained
by simulation. The latter is based on SIMSCRIPT IL.5 [20].
Simulation results are mean values of 7 runs with 95%
confidence interval. Since, the resultant reliability ranges of
the measurements are small enough we present only mean
values.

Consider a link of capacity C' = 80 b.u. that accommodates
three service-classes of elastic calls which require b; = 1
b.u., b, = 2 bu. and b3 = 6 b.u., respectively. All calls
arrive in the system according to a Poisson process. The
call holding time is exponentially distributed with mean value
ul_l = [y 1= iy ! = 1. The initial values of the offered
traffic-load are: oy = 20 erl, ap = 6 erl and a3 = 2 erl.

0.013

B, (analyt., T=80)
B, (analyt., T=82)
B, (sim., T=82)
B, (analyt., T=84)
B, (sim., T=84)

0.012
oot ______
0.010 | —..—..— ..
0.009 4| — — —

0.008 -

0.007 A
0.006 -
0.005 -
0.004

CBP (2™ service-class)

0.003
0.002
0.001
0.000 T T T T T T T

Offered traffic-load points

Fig. 2. CBP for the 2" service-class.

0.026 4 B, (analyt, T=80)

(
B,, (analyt., T=82)
______ By, (sim., T=82)
(
(si

0.024
0.022
0.020 4 — T 7
0.018
0.016
0.014
0.012 A
0.010
0.008
0.006 -
0.004
0.002
0.000

Bs, analyt T=84)

CBP (3" service-class)

Offered traffic-load points

Fig. 3. CBP for the 31 gervice-class (retry calls with b3,2).

Calls of the 3™ service-class may retry two times with reduced
bandwidth requirement: b3, = 5 b.u. and b3, = 4 b.u. and
increased service time so that aszbs = a3, b3, = as ,bs ,. In
the x-axis of all figures, we assume that o3 remains constant
while a1, ae increase in steps of 1.0 and 0.5 erl, respectively.
The last value of a; = 26 erl while that of as = 9 erl.

We consider three different values of 7: a) T' = C = 80
b.u., where no bandwidth compression takes place. In that
case, the proposed E-MRM gives exactly the same CBP results
with the MRM of [18], b) T = 82 b.u. where bandwidth
compression takes place and 7y, = C/T = 80/82 and c)
T = 84 b.u. where bandwidth compression takes place and
Tmin = C/T = 80/84.

In Fig. 1, we present the analytical and simulation CBP
results of the 1% service-class for all values of 7. Similar
results are presented in Fig. 2, for the 2" service-class and in
Fig. 3 for the 3™ service-class (CBP of calls with b3 ). All
figures presented herein show that: i) the model’s accuracy
is absolutely satisfactory compared to simulation and ii) the
increase of T' above C results in a CBP decrease due to the
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existence of the compression mechanism.

V. CONCLUSION

We propose multirate loss models that support elastic traffic
under the assumption that Poisson arriving calls have the
ability, when blocked with their initial bandwidth requirement,
to retry to be connected in the system one (E-SRM) or more
times (E-MRM) with reduced bandwidth and increased service
time requirements. Furthermore, if a retry call is blocked
with its last bandwidth requirement, it can still be accepted
in the system by compressing not only the bandwidth of
all in-service calls (of all service-classes) but also its last
bandwidth requirement. The proposed models do not have
a PFS and therefore we propose approximate but recursive
formulas for the CBP calculation. Simulation results verify the
analytical results. As a future work, we will examine multirate
retry loss models that support both elastic and adaptive traffic
(e.g. adaptive video). Adaptive calls can tolerate bandwidth
compression, but their service time cannot be altered.
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